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Finite-time output regulation for homogeneous
quasilinear hyperbolic systems*

Yubo BAI! Christophe PRIEUR? Zhigiang WANG3

Abstract This work is concerned with the finite-time output regulation problem for
homogeneous quasilinear hyperbolic systems with one-side controls and with nonlinear
boundary condition at the other side. The to-be-controlled outputs are the boundary out-
puts of the uncontrolled components on the same side as the controls. The reference signal
is assumed to be priori known and its derivative is assumed to have compact support. We
employ a time-dependent feedback regulator as the control to achieve the output regu-
lation for nonlinear systems. For sufficiently small initial data and reference signal, the
output regulation problem is solved under the same condition for the exact controllabil-
ity of hyperbolic systems by one-side boundary controls. The resulting feedback control
formally depends on future system state and introduces non-local boundary conditions to
the closed-loop system. This brings new difficulties in proving the local well-posedness of
quasilinear systems.
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1 Introduction and problem statement

The boundary control of hyperbolic systems is of fundamental importance in both mathematical
theory and engineering applications. These systems arise in diverse fields such as traffic flow
modeling and gas flow pipelines. In these applications, the network structure of the systems
plays an essential role, see for example [19]. For extensive examples of hyperbolic systems
in diverse applications, we refer to [2] and the references therein. In this paper, we consider
the finite-time output regulation problem for the following homogeneous quasilinear hyperbolic

system

Sw(t,x) + Alz,w(t, z))0,w(t,x) =0, t>0,0<z<1, (1.1)

where w = (w1, ,w,)" : [0,00) x [0,1] = R™, and A : [0,1] x R® — R™*" is a real matrix-

valued function. Let us make the following assumptions for A.
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Assumption 1.1 The matriz A is diagonal and has m > 1 distinct negative eigenvalues
and p=mn—m > 1 distinct positive eigenvalues, namely for every (x,y) in [0,1] x R™,

A(m,y) = dlag(Al(xvy)a e v)‘m(xay)z Am+1(1‘7y), e 7>‘H(I7y))7
where

Az, w) < - < Ap(z,w) <0 < Appr(z,w) < -+ < Ap(z,w).
Function \; is in C2([0,1] x R"™) for 1 <i < n.

All along this paper, for a vector (or vector-valued function) v in R™ and a matrix (or
matrix-valued function) B in R™*", we use the notation

v_ B__ B_
vV = 5 B = N )
<V+) (B+— B++>
with v_ in R™, vy in R? and B__ in R™*™ B_, in R™*P B, _ in RP*"™ B, in RP*P. The
following types of boundary conditions and controls are considered. The boundary condition
at x = 0 is given by
w4 (£,0) = Q(w-(¢,0)), t>0, (1.2)

with function @ : R™ — RP satisfying the following assumptions.
Assumption 1.2 Function Q is in C*(R™)P with Q(0) = 0.

The boundary control at z =1 is
w_(t,1) = u(t) = (w1, ,um) ' (t), t>0. (1.3)
The initial condition is given by

w(0,2) =w’(z), 0<2<1, (1.4)

0 0

where w® = (w0, -+, wl) " : [0,1] — R™ satisfies the following assumptions.

Assumption 1.3 Initial data w° is in C1([0,1])" and satisfies the compatibility conditions
wl(0) = Q(w?(0)), A1 (0,w’(0)d:wl (0) = VQ(w? (0)A-—(0,w(0))2;w? (0).  (1.5)

Assumptions 1.1 to 1.3 are consistent with those in [10]. They are usual assumptions for
considering the local C'! solutions of quasilinear hyperbolic systems.

In this work, we concern the finite-time output regulation problem, namely designing a
feedback regulator such that the output of the system tracks the given reference signal in finite
time. The following to-be-controlled output and reference signal are considered. The to-be-
controlled output is given by

y(t) = w(t,1). (1.6)

The reference signal 7 = (r1,--- ,7,) " : [0,00) — RP is assumed to be priori known and satisfies
the following assumptions.

Assumption 1.4 The reference signal r is in C1([0,00))P. The derivative r' has compact
support in [0,00).
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Assumption 1.4 will be commented in the item 3 of Remark 1.1. Denote by

ey(t) = y(t) —r(t) (1.7)
the output tracking error. Let us give the notion of the regulation that we are interested in.

Definition 1.1 Let T > 0. The output y of system (1.1)-(1.4) and (1.6) achieves the finite-
time output requlation within settling time T, if there exist € > 0 and a feedback regulator u
such that for all initial states w° in C1([0,1])" satisfying (1.5) and ||w°||c1(o,1))» < €, and all
reference signals r in C1([0,00))P satisfying Assumption 1.4 and I7llc1(jo,00)) < € the output
tracking error e, satisfies e, (t) =0 fort > T.

Over the past few decades, research on control problems for quasilinear hyperbolic systems
has become substantially enriched, particularly regarding stabilization problems. To the best
of our knowledge, the pioneer works are the studies in [17, 31] on homogeneous 2 x 2 quasilinear
hyperbolic systems. A generalization to homogeneous n X n systems was given by [26, 30, 34].
Particularly, [33] establishes the theory on semi-global classical solutions to general nonau-
tonomous quasilinear hyperbolic systems and applies it to controllability problems. All these
results rely on a systematic use of direct estimates of the solutions and their derivatives along
the characteristic curves. Moreover, all these results provide decay estimates in the C'-norm.
For decay estimates in the H?-norm for quasilinear hyperbolic systems, [5] addressed the case
of homogeneous 2 x 2 systems, and subsequently, [4] dealt with homogeneous n x n systems.
The methods used in [4, 5] are both based on the direct Lyapunov method. The key point is
that the energy-like Lyapunov functions for the H2-norm are easier to handle. Nevertheless,
[3] used an energy-like Lyapunov function for the C'-norm to give an alternative proof to a
result that had already been shown with a characteristic approach (see [26, 30, 34]). Besides,
[8] considered the decay estimates in the W2P-norm with 1 < p < +oo. It was showed in [§]
that the stability criterion surprisingly depends on p, namely the norm considered. For the
boundary stability of inhomogeneous hyperbolic systems, one can refer to [2, 16, 20, 21]. An-
other interesting topic is the finite-time stabilization problem for hyperbolic systems. By using
the backstepping, [6] and [7] solved the finite-time stabilization problem for linear autonomous
and linear non-autonomous hyperbolic systems, respectively. One can refer to [29] for the
finite-time stabilization of 2 x 2 quasilinear hyperbolic systems. The finite-time stabilization in
optimal time of quasilinear system was investigated in [10]. Later on, [12] presented Lyapunov
functions for the feedbacks in [10] and used estimates for Lyapunov functions to rediscover the
finite stabilization results. Part of them are based on the study of the controllability in finite
time [9, 11]. Several useful well-posedness results on hyperbolic systems have been established
in these studies. This aspect might be discussed.

This paper concerns the finite-time output regulation problem. To the best of our knowl-
edge, existing literature has only addressed output regulation for linear hyperbolic systems and
linear hyperbolic systems coupled with nonlinear ODEs, while the corresponding problem for
quasilinear hyperbolic systems remains unexplored. For the output regulation problems, unlike
the stabilization problems, the objective is to design feedback regulator such that the output
of the system tracks a given reference and rejects the disturbances. The first result on the
finite-time output regulation for hyperbolic systems was obtained in [13], where the backstep-
ping method was used to design the feedback regulator for boundary controlled linear 2 x 2
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time-invariant hyperbolic systems. Later on, [14, 15] achieved finite-time output regulation for
general n x n time-invariant hyperbolic systems with different convergent time. Moreover, [1]
solved finite-time output regulation for time-varying linear hyperbolic systems. Concerning the
output regulation problem for nonlinear systems, [24] considered the output regulation problem
for boundary-controlled linear hyperbolic PDEs that are bidirectionally coupled with nonlinear
ODEs.

In this paper, we consider the finite-time output regulation problem for homogeneous quasi-
linear hyperbolic systems as defined in Definition 1.1. Set

1
1
= [ ———dz, 1<i<n. (1.8)

The main result of this paper is the following theorem.

Theorem 1.1 Let A, Q, w°® and r satisfy Assumptions 1.1 to 1.4. Assume that

rank(VQ(0)) = p. (1.9)
Let

To = Tm + Tm41- (1.10)
For any T > Ty, set 1o =T — Ty. There exist € = €(19) > 0 and a feedback regulator

u(t) = H(t,w(t,-),r,w’), t>0, (1.11)

such that if |[w®||c1 (o)) < € and ||r||cr(jo,00))r < € then there exists a unique solution w in
C([0,00) x [0,1])™ to system (1.1)-(1.4) with feedback regulator (1.11). The following estimate

holds for some positive constant C independent of w°, r, 1o and e,

lwllc (0,000 x [0,y < C(L+ 75 ) lwllleroap» + ITllcro,cee)- (1.12)

Moreover, the output y of system (1.1)-(1.4) and (1.6) achieves the finite-time output requlation
within settling time T .

Remark 1.1 1. It follows from assumption (1.9) that m > p, which means that the
number of controls is greater than or equal to the number of outputs. This full-row-rank
condition is a classical requirement for the exact controllability of hyperbolic systems.
Specifically, it serves as a necessary condition for the exact boundary controllability of
both linear [23] and quasilinear [22, 27] hyperbolic systems by one-sided boundary con-
trols.

2. Assumption 1.4 is due to the machinery of proof of the well-posedness of system (1.1)-
(1.4). See Section 3.2 for details. Roughly speaking, Assumption 1.4 implies that r'(t) = 0
for sufficiently large ¢, which allows us to apply the Ascoli theorem in the well-posedness
proof.

3. From the solution estimates (1.12), it can be observed that as the settling time T tends to
To (i-e., 79 — 0), the a priori estimate constant C'(1 + 7'0_1) tends to infinity. However, as
shown in the proof of well-posedness (specifically in the Step 1 of the proof of Lemma 3.1),
the C'-norm estimate of the solution does not depend on 79. This leads to the admissible
initial data and reference signals tending to zero as 79 — 0, namely

e=¢(rp) — 0, as7y—0.
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The finite-time output regulation problem considered in this paper, where the boundary
output is controlled, can also be viewed as a problem of exact nodal profile control. One may
refer to [28, 18, 32].

Compared with existing results on finite-time output regulation for hyperbolic systems, par-
ticularly [13, 14, 15] on linear time-independent systems and [1] on linear time-varying systems,
this paper investigates the output regulation problem for quasilinear hyperbolic systems. It is
worth noting that, in contrast to [1], we have e, (t) = 0 for all ¢ > T instead of e, (¢t) = 0 for ¢ in
[T,T4] with some Ty > T asin [1]. The reason lies in our simpler system configurations. Unlike
the general to-be-controlled output presented in [1], which encompasses distributed, boundary,
and pointwise internal outputs, this work considers a specific case where the to-be-controlled
output involves only boundary outputs. Furthermore, our model assumes the absence of source
terms and external disturbances. These system configurations guarantee that, even when non-
linearities are taken into account, we are still able to obtain e, (¢t) =0 for all t > T..

The nonlinear nature of the system introduces new challenges to this problem. To achieve
output regulation on nonlinear systems, we employ a time-dependent feedback regulator. Fol-
lowing classical output regulation methodology, we obtain the required feedback regulator by
solving time-varying regulator equations. This feedback regulator formally requires knowledge
of the value of the reference signal at a future time instant.

The determination of this future time instant differs fundamentally between quasilinear
and linear cases. For output regulation of linear hyperbolic systems, whether autonomous or
non-autonomous, since the regulator equations depend solely on system parameters, this time
instant is known a priori. However, in the quasilinear case, as the propagation speeds depend on
the system state, the required time instant consequently becomes state-dependent. Formally
speaking, this makes the time instant dependent on the future system state, which in turn
means the resulting feedback regulator formally depends on future system state. In reality,
after successfully proving the well-posedness of the closed-loop system, we demonstrate that
the feedback regulator actually depends only on the current system state. Additionally, this
feedback regulator introduces non-local boundary conditions to the closed-loop system, creating
further difficulties in proving its well-posedness.

For establishing the well-posedness of the closed-loop system, we adapt the classical iterative
methods from [10, 22]. Notably, when applying the Ascoli theorem to prove that the iteration
sequence converges to a C'! limit, we require the iterative functions to be defined on finite time
intervals. Here we employ the assumption that the reference signal has compact support.

The remaining part of this paper is organized as follows. In Section 2, we introduce some
preliminaries needed in the paper. We prove the main result, namely Theorem 1.1, in Section 3.
Section 4 presents the conclusions and some perspectives. Appendix A provides the precise
dynamics of two functions, which are employed in the design of feedback regulator.

2 Preliminaries

In this section, we provide some known facts on the characteristics associated to quasilinear
hyperbolic systems and some properties for the coefficients involved in system (1.1)-(1.4).
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2.1 Preliminaries on characteristics

Let us introduce the characteristics associated to system (1.1) and the entry and exit times
as in [10, 7, 1]. Fort > 0,0 <z < 1,1 < i < n and ¢ in C*([0,00) x [0,1])" satisfying
1Pl 1 (j0,00) x 0,17 < 00, let Xf(~7t,x) denote the C' maximal solution to the problem

S st,2) = Ml 1,2), 605 X (si b)), X t) =

Here and in what follows, X?(-,t,x) is defined on a certain subinterval [s;n’qﬁ(t, x), S?Ut’¢(t,x)]

of [0,00) for 1 < i < n. Let us give the definition of the entry and exit times s ?(¢,2) and

i
52" (¢, x) associated to the characteristics x? (-, ¢, ). For (¢, ) in [0,00) x [0, 1], define the exit
time 5" (¢, 2) by the solution to

Xf(SQut’¢(t,x);t,x) =0, 1<i<m,

?

(2.1)

X2t x);ta) =1, m+1<i<n.

Introduce the sets for 1 <i < m,
7?8 = {(t,z) € [0,00) x [0,1] : t > s7""%(0,1)
or 0 <t < s"?0,1), x2(;0,1) < = <1}, (2.2)
TP =A{(t,z) € [0,00) x [0,1] : 0 < t < s7"9(0,1), 0 < = < x?(£;0,1)},

and for m+1 <i < n,

I) = {(t,x) € [0,00) x [0,1] : £ > s7"“*(0,0)
or 0 <t < s%0,0), 0 <z < x?(t0,0)}, (2.3)
T ={(t,x) €[0,00) x [0,1] : 0 < £ < 57"?(0,0), x{(£0,0) < = < 1}.

Define the entry time (¢, ) by

solution to xf’(sin@(t,x); tr)=1, 1<i<m, (t,z)€ If’,
s™?(t, ) = { solution to X2 (st x)st,x) =0, m+1<i<n, (tz)eIf,
0, 1<i<n, (t,z) e TP

out,p
4

The existence of the entry and exit times 5™ (¢, z) and s (t,z) follows from Assumption 1.1

and |[¢]|c1(j0,00)x[0,17) < 00
For 1 <i<mn,let

Dom(x?) = {(s,t,z) € [0,00) x [0,00) x [0,1] : s € [sin’qs(t,x) s9ut’¢(t,x)]}.

For 1 <4 <n and for (s,t,z) in Dom(xf), we have
ontst0) = exp { [ 0N (¢ riti0). 60 i)
t
FV A (T3 ,2), B X (73 ,2)) 20 (m, X{ (5, )T b
0x? (sit,0) = — Xi(, 8(t,2))0ux{ (it ).

(2.4)
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Differentiating (2.1), we obtain that for (¢,z) in [0,00) x [0, 1],
ANt
)\i 0’ out,¢p — ’
ayg;_)ut,(ﬁ(t’ .13) — ; ( ¢¢(:£t . ( ) )) (25)
_ VXi(ZOUtS) ) ) m+1§1<n
AL, @(s5" (1, 2), 1))

with 9, is 9; or O,.

2.2 Properties for coefficients

Let us provide some properties of the coefficients in system (1.1)-(1.4). Denote by ||-|| the infinity
norm for vector and matrix. For some constant 6 > 0, denote B(§)" = {y € R™ : |ly|| < d}.
It follows from Assumption 1.2 and (1.9), and Inverse Function Theorem that there exist a
neighborhood U C R™ of the origin, a neighborhood V C RP of the origin and right inverse
function QT : V — U such that

Rt e V)™, QT(0)=0, QQ'(a) =a, Yac V. (2.6)

Note that QT is not necessarily unique. Take § > &y > 0 such that B(6y)? C V and U C B(6)™

Let § > 8 > 0, and let ¢ and ¢ in C*([0,00) x [0, 1])" satisfy |||t (j0,00)x[0,1)» < ¢ and
lellero,00)x 0,17y < 0. Tt follows from Assumptions 1.1 and 1.2 and (2.4) and (2.5) that there
exist positive constants Cjs,, Cs and ¢s such that

1. fort>0,0<x<1and1<1i¢<n, we have
cs < [Ni(w, d(t, @) < Cs, |0z hi(w, o(t,2))| < Cs,  [Vyhi(, d(t, @) < s, (2.7)
and therefore,
t—s(t ) <c5t, st x) —t < el (2.8)
2. for 1 <i<p,1<j<mand for ain B(§p)? and b in B(4)™, we have
32@1(
Ob?

82Q!
8a2j (a)

Qi) < Csllbll [V@Qu®)] < Cs, H b)HSC&

(2.9)

Q@) < Cs,llall,  IVQI@) < Cs,, ’ < Gy,

20, Q! . . .
where 8(%2" and —5* are the Hessian matrices of (); and Q;, respectively;

3. for 1 <i<mnand (s,t,z)in Dom(xf), we have

Cs
0. (55, 2)| < eXP( (1 4[|l (0,00) x 0,177 ))
(2.10)

Cs
oot (sit. )] < Csexp ( 20+ [olleroaerntoye) )

4. fort >0,0<zx<1and1<i<n, wehave

Ou 1 O
|0, 5 t, ¢(t x)| < —exp ( (1 +[I¢llcr(0,00) [0’1])”’)> ’
o (2.11)

Oll C C
EX: W(t x)| < 6exp< (1 + [[#llc(10,00) x [0, 1])")) '
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5. for 1 <i < n, and (s,t,2) in Dom(x?) N Dom(x?¥), we have

|X?(S,t,1’) - X;P(S7tvm)|

/:[Ai(x?(a;t,x), d(o,x? (03t,2))) = M(xF (03 t,2), (o, xF (038, x)))]do

max{s,t}
< Cé/ 6 — @lleo(o.00)x 0,y + (1 + O (038, 2) — xF (03¢, 7)[do,

min{s,t}

and therefore, from (2.8) and Gronwall’s inequality, we have

Cs Cs(1+6
it~ xf it < Lo (LD 16— pllovgopnonyrs (212
6. fort >0,0<z<1and1<i<n, wehave

579 (t)

XX (o3t 2), 3(o, X (o3, 7))o

t,
ST (@)

= Ai(Xf(a;t7x)590<U’ Xf(a;t7x)))]d0’
and therefore, from (2.12), we have

|57 (8, ) — 874 (8, @)

C Cs(1+9 Cs(1+0
<§<1+ s )eXP< 6(65 ))>||¢—<P|CO([o,oo)x[o,1])n~ (2.13)

Cs Cs

2.3 Properties for the modulus of continuity for continuous functions

Let X and ) be domains in R™ and R”, respectively. We introduce the modulus of continuity
for continuous function ¢ : X — Y,

plalg) = sup  [p(a’) = ¢(a")], a=0.

|z’ —2"||<e,
x,x"ex

We provide some elementary facts for the modulus of continuity used in this paper.

1. For continuous functions ¢, ¢2 : X — R, we have

plaldrds) < llgillcox)p(eld2) + [|dallcoa) plaldn)- (2.14)

2. Let Z be domain in R, For continuous functions ¢1 : X — Y and ¢5 : Y — Z, we have

plalgz o d1) < plp(aldr)|d2). (2.15)

3. For positive constant C, there exists constant C’ > 0 such that for continuous function
¢: X — ), we have

p(Calg) < C'p(als). (2.16)
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3 Proof of Theorem 1.1

We prove Theorem 1.1 in three steps. In Section 3.1, we provide the design of the feedback
regulator. In Section 3.2, we prove the well-posedness of system (1.1)-(1.4) with the feedback
regulator. Finite-time output regulation is obtained in Section 3.3. In what follows, assume
that the assumptions in Theorem 1.1 hold.

3.1 Design of the feedback regulator

Recalling the properties in Section 2.2, let us assume that HwOHle([O’l])n < dand ||7|lc1(j0,00))r <
do. In order to achieve the finite-time output regulation, we divide the state w into two parts:
one part possesses the finite-time stable properties, and the other part meets the output reg-
ulation objective. To this end, we split w into two new variables. For (¢,z) in [0, 00) x [0, 1],
let

w(t,z) = z(t, x) + (¢, z),

where z = (21, ,2,)" :[0,00) x [0,1] = R™ and II = (IIy,---,II,,) " : [0,00) x [0,1] — R
are the new variables. We hope that the tracking error e, (t) defined in (1.7) depends only on z
and z-system is finite-time stable. To this end, we determine the equations for z and II through
the following four steps.

1. Tt follows from (1.1) that for (¢,z) in [0,00) X [0, 1],

Oz(t,x) + Az, z(t, ) + 1I(¢, 2)) 0, 2(t, x)
= —0I(t,x) — Az, 2(t, ) + TI(¢, 2))0,11(¢, ). (3.1)

To ensure that the system of z is finite-time stable, we aim to eliminate any inhomogeneous
terms in (3.1). Therefore, we set

OII(t, x) + Az, 2(t, ) + TI(t, x))0,11(¢t, ) =0, t>0,0<z<]1. (3.2)
2. For the boundary condition at = 0, from (1.2), we obtain
24(6,0) = Q(2—(¢,0) + I1_(¢,0)) — 1 (¢,0), ¢ >0.
In order to establish the implication
(2-(t,0) = 0) = (24(¢,0) =0), ¢>0,

let
I, (t,0) = Q(II_(¢,0)), t>0. (3.3)

3. For T' > Ty, set 79 = T — Tp. For the boundary condition at = 1, from (1.3), we have
z_(t,1) =w_(¢,1) = II_(t,1) = u(t) = I_(¢,1), t>0.
To satisfy the compatibility condition at x = 1 and to establish

z_(t,1) =0, t>10/2,
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we set
u(t) = ¢(t) + (Idm —n(t))I-(t,1), =0, (3.4)

where Id,, is m x m identity matrix, and ¢ = (1, -+ ,Gn) " in CH([0,00))™ and n =
diag(nh T an’m) in Ol([o’ OO))me SatiSfy

Gi(0) = wi(1), Ci(0) = —Ai(1,w"(1))dwi (1), m:(0) =1, n;(0)=0,

i (3.5)
Ci(t) =mi(t) =0 fort¢ > min{ry/2,1},

and

1Gillcoo,000) < Csllwllcrqoapyn,  Imillcoo,00) < C,

) ) (3.6)
1< lco(o,00)) < Cs(1+ 15 )Wl llcroapss  1Millcoo,00)) < CTg s

for 1 < i < m and for some constants C5, C > 0. We provide the precise dynamics for (;
and 7; and the proof of (3.6) in Appendix A.

4. Tt follows from (1.6) and (1.7) that
ey(t) =wi(t,1) —r(t) =24 (¢, 1) + I (¢, 1) — r(¢), t>0.
In order to ensure the tracking error e, (¢) depend only on z, we set
My (¢, 1)=r(t), t>0. (3.7)
The finite-time stability of z-system

Orz(t, ) + Az, 2(t, ) + TI(t, x)) 0 2(t,z) =0, t>0,0<z<1,
24 (£,0) = Q(2-(¢,0) + I1_(£,0)) — 1 (¢,0), ¢ >0,
z-(t,1) = ¢(t) = (I (£, 1), t>0,

) (3.8)
2(0,2) = w'(z) — T1(0, z), 0<zx<1,

is discussed in Section 3.3. By (3.4), we can determine a feedback regulator u(t) from (3.2),
(3.3), (3.7), which we refer to as the regulator equations in the output regulation problem.

Let QT be the right inverse function of Q. Notice that w(t, =) = z(¢,z)+1I(¢, z). Integrating
(3.2) along the characteristics x¥(s;t,z), 1 < i < n, and using the boundary conditions (3.3)
and (3.7), we can choose II_(¢,1) as follows, for t > 0 and 1 <1i < m,

I(t, 1) = QI (7 (1)), (3.9)
where
ri(spy (59" (¢,1),0))
PO (t) = : . (3.10)
rp(Spy (sm“’(t 1),0))

Remark 3.1 The choice of II_(¢,1) is not unique because the right inverse function Q' is
not necessarily unique.

Remark 3.2 In fact, system (3.2), (3.3), (3.7) is not a standard initial-boundary value
problem. the boundary condition (3.7) at « = 1 is imposed on I, rather than on II_ as in
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typical initial-boundary value problems. Furthermore, this system lacks initial conditions in the
usual sense. Nevertheless, once a right inverse function Q' of Q is chosen and the well-posedness
of w is established, by solving system (3.2), (3.3), (3.7) backward along the characteristic lines,
IT is uniquely determined by r, w and QF, and so is TI(¢,0).

Consequently, by considering the feedback regulator (3.4) with (3.9) for system (1.1)-(1.4),
we obtain the system

w(t, z) + Az, w(t,x))0,w(t,z) =0, t>0,0<z<1,

wy(t,0) = Q(w-(t,0)), t>0, 311
wt1) = G0 + (1 - QL D). 120, 1< <m, 340
w(0,2) = w’(z), 0<z<L1

Remark 3.3 By the well-posedness result given in next subsection, the feedback regulator
(3.4) with (3.9) is well-defined by the current state w(t, -) and the priori known reference signal
T

3.2 Well-posedness of (3.11)

In this section, the well-posedness for quasi-linear hyperbolic system (3.11) with nonlinear,
non-local boundary conditions is showed. The proof is inspired by the methods used in [10]
(see also [22]). The proof is based on an iterative argument and the Ascoli theorem. This type
of analysis using the iterative method was also employed in [9], where the optimal time for
controllability was introduced and investigated. The main result of this section is the following

lemma.

Lemma 3.1 Let A, Q, w® and r satisfy Assumptions 1.1 to 1.4. Let Ty be defined by (1.8)
and (1.10). Let & > 69 > 0 be given in Section 2.2. For any T > Ty, set 7o =T — Ty. There
exists € = €(6,00,79) in (0,080), such that if |[w°||c1(jop)n < € and ||7||c1 (0,00 < €, then there
exists a unique solution w in C1([0,00) x [0,1])" to system (3.11). Moreover, there exists a
positive constant C, independent of w°, v, 7o and €, such that

[wller(po.00)xf0.11n < C(L+ 75 ([’ llerqo.apym + 7]l (0,00))9)- (3.12)
Proof. We use an iterative method to prove well-posedness of (3.11). We split the proof into
four steps.
1. We show that the iterative sequence remains within the same local C! function subspace.
2. We prove that the iterative sequence converges in C° function space.

3. We use the Ascoli theorem to demonstrate that the sequence has a convergent subsequence
in the C! function subspace.

4. We prove the uniqueness.

Step 1. Let [|w®||c1(po,1))» < 6 and [|7]|c1(jo,00))e < 0. Let 7o =T — Tp. For 1 <14 < m, let
¢; and n; be defined in Appendix A satisfying (3.5) and (3.6). It follows from Assumption 1.4
that there exist 7% > 1 4 2¢; ' and 7* in RP satisfying [|r*|| < 7]l ¢ (j0,00))» Such that

r(t) =r*, t>T" (3.13)
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We set
D(9) = {¢ € C*([0,00) x [0, 1])" = [|llc1 (10,00)x [0, 1) < b5
¢(0,-) =w’, ¢y (t,-) =r*fort >T*, ¢_(t,) = Q' (r*) for t > T*}.

In what follows, for notational ease, we ignore the dependence of constants on ¢ and &g. Fix
an appropriate w(® such that w(©® is in D(6) and [|w® |1 ((0,00)x[0,1))» < Co([[w®|lcr (o +
17| ([0,00))#) for some constant Co > 0. For I > 0, let w(*+1 be the unique C*-solution to

Aw ItV (t, ) + Az, wV (¢, ) 0,w Y (t,2) =0, t>0,0<z<1,

w ™ (t,0) = Q™ (t,0)), t>0, 11)
w (1) = G + (1= n(0) QL (1), £>0,1<i<m, '
w0, z) = w’(z), 0<z<1,
where and in what follows, for simplicity, we denote X§-l) = X;"(l), sijn’(l) = sijn’w<l), s?ut’(l) =

soutw 70 — 7w 7@ g0 and #0(6) = 5 (1), for 1< j<n, 1 <i<mandl>0.

Integrating (3.14) along the characteristics X( ) we obtain that for 1 <i<m,

! in, (1 1
arg o [0, () e T, i1s
w; (1) 0 o (3.15)
wy(x; (03¢, 2)), (t,x) € T,
and for m+1 < j <mn,
l 1n,l l
(I+1) + QJ m( (+1)( ( )(t,iﬂ),O)), (t,.’E) € I]( )’ 316
wy Ut a) = 0) 0] (3.16)
w; ( (0;t,z)), (t,z) e J;".

By (2.6), (2.8), (3.5), (3.13) and T* > 1+ 2¢; !, for any w® in D(8), (¢, ) in [T*,00) x [0,1],
1<i<mand m+1<j<n, we have that

sin’(l)(sip’(l)(tw),O) > 1,

1 J

and therefore, for 1 <i<mand m+1<j<mn,

r1 (s (59O (8, 2), 0))
I+1 l m,l . *
w (t,2) = QI (s (¢, 2))) = Q! : = Q).
rp(some® (s (¢, 2),0))

m-+p 7

QLA (7 (s (8, 2),0)))

Qb (70 (si (57D (2, 2),0)))
out, (! in, (1
ri(somo (7O (¢,2),0))
out, (I in, (1
Tp<5mi1(7 )<5] ( )(t7 iU), O))
= 15om(s5" O (570 (1,2),00) = 1y (5O 8,0)) = 17

J
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Let WO (t,2) = 0;w® (t,z) for t > 0,0 <2 <1 and [ > 0. We have

WDt ) + A, w® (t, )0, WD (¢, 2) = AO @, 2)W D (t,2), t>0,0<z <1,
W (1,0) = vV (¢, 0) W (¢, 0), t>0,
W, 1) = ) - QI (1) + (1 = m()VRIGP ) FVY (1) t>0,1<i<m,
WD (0,2) = —A(z, w’(2)) 0w’ (z), 0<a <1,
(3.17)
where
P (sore D (5" 0 (8, 1),0)) sV (7O 8, 1), 0)
GOIOE : 9Dt 1),  (3.18)
sy (570 (11, 00)2us ) (570 (1,1),0)
and

AD (L, 2) = diag(a\(t,2), ..., aD(t,2))
= diag(Vy A (z, w D (6, ) WO(t,2),. .., Vy o (2, 0Dt 2)) WO (t,2)) A7 (2, 0 (t, z)).
(3.19)

It follows from (2.9), (3.6), (3.10), (3.15) and (3.16) that there exists a constant C; > 0 such
that for w® in D(), t >0 and 0 < z < 1,

! 1

w08, 2)]| < Cr([[w’llogoann + o™ [l cogo.00)x0.a1)m);
! 1

[w D (¢, 2)|| < CL(l[w®lloro.apn + I7lleogo.cone)s

Thus, there exists a constant Cs > 0 such that

1w o qo.00)x10.1y < Calllw’lle o,y + I7lleoro,00)0)- (3.20)
Integrating (3.17) along the characteristics X ) and using (2.7)-(2.9), (2.11), (3.6), (3.10) and
(3.18), we obtain that there exists a constant C3 > 0 such that for w® in D(5), t > 0 and

0<x <1,

I+1 I+1
W (1 2)|| < Ca(|w®ller o + ITWET [leo 0,00y x [0 17ym
l
+ ”w(l)HCl([O,oo)x[O,l])"”Wj——H)HC’O([O,OO)X[OJ])P)»
I+1 _
WD )| < Cal(1 + 75 ) ([ lorgo,apym + rllen (o,0000)

+ [l | c1((0,00) x 0,177 WElJrl)HCO([O,oo)X[O,l])"‘]'

Let ¢’ in (0, d) be sufficiently small (independent of 75) and assume that
||U}(l)||Cl([0’00)><[0’1})n < €.

Then we have for some constant Cy > 0,

WD o 0,00y x 0,117 < Ca(1+ 75 ) (Iwller o,y + Irller (o,00))7)- (3.21)
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It follows from (2.7), (3.14), (3.20) and (3.21) that there exists a constant Cs > 0 such that if
w® is in D(e),
o™ e (p0,00) x10,1ym < Co(L 475 ) (T e (po,pn + IIllen (0,00)))-
Thus, there exists a constant € = €(¢’, 79) in (0,€’) independent of w® and 7 such that
o™Vl ((0,00)x 0,177 < €
if
[w’llcrqoaps <€ Irllero.eone < €. (3.22)

Consequently, for ¢ in (0,d) small enough, assume that w® and r satisfy (3.22). Choose an
appropriate w(®) such that w(® is in D(¢’) and

1w e 10,00y 10,17y < Co(1+ 15 ) ([ e (o, + [I7llon 0,000 )-
From (3.14), we get a sequence {wV}2 in D(¢') such that
lw® e (po,00) 10,1y < Cs(L 415 ([ e (o, + IIFllero,one)s 12 0. (3.23)
Step 2. Let VO (t,z) = w®(t,z) — w1V (t,z) for t > 0,0 < 2z <1 and [ > 1. We have

VUVt z) + Az, wV (t,2))0, VIV (¢, 2) + BO(t,z) =0, t>0,0<z<1,

vt (t,0) = Q' (t,0) — Q' (t,0)), t>0, 2
V1) = =m0 [QIGY 1) - @IV )] t>0,1<i<m,
v, z) =0, 0<z <1,

where

BO(t,z) = [A(z,wV (t,2)) — Az, w" "V (t, 2))]0,wV (t, ).

Noticing that ||w®||c1(jo,00)x[0,1)) < €, I > 0, and (3.22), it follows from (2.7), (2.9), (2.11),
(2.13), (3.6) and (3.10) that there exists a constant Cg > 0 such that for ¢ > 0, 0 < 2 < 1 and
1<t <m,

||B(l)( 2)|| < Col|w®]| 10,00y x (0,12 VP (£, 2)|| < Coe' VO (L, )],
1Qw " (t,0) — Q' (t,0)|| < Cs| VI (2, 2)),
= m) [QIE @) - QI )|

< Cs Il (0,002 11V Pl o 0,00y x 0,177 < Co€ IV O] c0((0,00) x[0,1])7 -

(3.25)

Integrating (3.24) along the characteristics Xgl) and using the estimates (3.25), we obtain that

there exists a constant C'; > 0 such that fort > 0and 0 <z <1,

1+1 +1
IV, 2)) < CrUIVETY ) cogo,00x 0,177 + € IV lleo((o,00)x (0,177
IV ()| < Cré VO co(0,00)x (0,17

It follows that 1
IV co(10,00) ¢ [0,1])" §||V()||cO ([0,00) x[0,1])7»
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if ¢ is small enough. This implies {w"}22, converges in C°([0, 00) x [0,1])".
Step 3. Noticing that for function ¢ in D(¢'),

91l (j0,00)x (0,117 = I@llcr (0,771 x[0,2)m -

Therefore, we only need to prove {w(l)}}ﬁo process a subsequence that converges in C'*([0, T*] x
[0,1])". To this end, by Ascoli theorem, we need to prove {9yw®}2, and {9,w}2, are
uniformly equicontinuous on the domain [0,7%] x [0, 1]. Recalling the notions of the modulus
of continuity introduced in Section 2.3, it is sufficient to prove

pla|dw®) =0, asa—0,

p(a|8,wP) =0, asa — 0,

for all I > 0. Noticing that d,w® (t, z) = —A(z, w =V (t, z)) 0w (¢, x), it follows from (2.7)
that there exists a constant Cg > 0 such that

p(a]d,w") < Cs(p(aldw?) + a).

Let us now estimate p(a|dyw®), namely p(a|W®). For function ¢ defined on [0, 00) x [0, 1],
denote

p(av7—|¢) = sup ||¢(tlvx,) - ¢(t/’,l’//)”, 720, a>0.
[t'—t"|<a,)z’—2" |<a,
t',t"€lo,7],2', 2" €[0,1]

Since w® is in D(¢'), we have

P W) = p(a, T WD) = sup pla, r[W D),

0<T<T*

@

i

Let us estimate p(a, 7|[W ") for 7 in [0,7*]. Integrating (3.17) along the characteristics y
and recalling (2.2) and (2.3), we obtain

w D (¢, 2) = 17D (SO 2), P (0: 8, 2)) + TV (8, 2), (t2) € [0,00) x [0,1], 1 < i <,

where

t
Ji(l+1)(t7x) = / o agl)(s,xgl)(s;t,ac))WZ-(lH)(s,Xz(-l)(s;t,a:))ds, 1<i<n,
s, (t,x)
w8 O ¢ 1) 1), 1<i<m, (ta) eI,
[0 ) 0t2) = § WO (4,2),0), m+1<i<n, (ta) eI,

w0, v 0t 2)), 1<i<n, (ta)e TV,
Then we split the estimate of p(a, 7|W 1) into four parts.

1. Estimate of p(a,T|Wi(l+1)(0,XZ(-l)<0;-,-))) for 1 < i < n. Due to (2.10), there exists a
constant Cy > 0 such that for 1 <i <n and (¢, 2'), (t,2") in [0, 00) x [0,1],

C
b (08, 2) = XV ", a")| < (1t~ 1|+ |o — ).
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Therefore, for 1 < i < n, we have the implication
(I =t"] < o o' 2" < @) = (" (0:1', ') =" (0:",2")] < Coa).
It follows from (2.16) that there exists a constant Cyg > 0 such that for 1 <i <n,

pla, WY 0,05, ) < CroplalWH1(0,4)).

7

Using (2.7), (2.14) and the expression of Wi(lJrl)(O, <) in (3.17), we obtain that there exists
a constant C11 > 0 such that for 1 <i <n,

pla, TIW(0,x17(0;-,))) < Cui(p(a]du®) + ). (3.26)

. Estimate of p(a,T|Wi(l+1)(s;n’(l)(~,~),O)) for m+1 < i < n. Similarly, by (2.11) and

(2.16), there exists a constant C1o > 0 such that for m +1 <i <n,
14+1) , in,(I I+1
plon 7 W D (570 (), 0)) < Crapla, T[W V(- 0)).

It follows from (2.9), (2.14), (2.15) and the expression of W(l+1)(t 0) in (3.17) that there
exists a constant Cy3 > 0 such that for m + 1 <i < n,
plo, T WD (50 (),0)) < Craplan T W (,0) + )

(3.27)
< Cra(pla, W) 4 ).

. Estimate of p(a,T|Wi(l+1)(s;n’(l)(-, -),1)) for 1 <4 < m. Similarly, by (2.11) and (2.16),

there exists a constant C14 > 0 such that for 1 < i < m,
1+1) , in,(I 1+1
plo, TIWHD (O ),1)) < Craplas 7TV (1)),

Using (2.9), (2.11), (2.14)-(2.16), (3.6), (3.10), (3.18) and the expression of W™ (. 1)
n (3.17), we obtain that there exist constants C15 > 0 such that for 1 < i < m,

pla, T WD (D () 1)) < Cus(p(alcl) + plalnl) + plalr’)

e max p(a,7l0sy "0, 0)) + ol sy 0 (1) + (L 75 o).

Since ¢} and 7} are uniformly continuous on the domain [0,79/2] for 1 < i < m, there
exists a function p., : [0,00) — [0, 00), satisfying

pro(@) =0, asa — 0,

such that for 1 <i < m,

pla, T WD (s (), 1)) < Cus(plalr’) + pry (@)

+¢ max p(a, 7'|c’?,550ut (l)( 0)) + € p(a, 7|9y s 0 (,1))).
m+1<j<n

out-(0 (. 0)) for m + 1 < j < n. Similar estimate holds also

Let us now estimate p(«, 7|0;s;
for p(a, 7|0sT"" (D(.,1)) with 1 < ¢ < m. Noticing the expression of Dys™ D¢, ) in (2.4)

and (2.5), for (¢,x) in [0,00) % [0,1] and 1 < i < n, denote

Fl.(l)(t,x) = O\ (2, wP (¢, 2)) + Vyi(z,w O (t,2))0,w (¢, ).
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It follows from (2.7), (2.8), (2.10), (2.11) and (2.14)-(2.16) that there exist constants
Ci6, C17, C1g > 0 such that for m+1 < j <n,

out.(D) OO w
pla, T|0¢s; (,0)<Ci | p a,T/ Fo(rx; (15+,0)d7 | +

< Crr(pla, THEY) + a) < Cus(p(a, T WD) + ).

Therefore, it follows that there exists a constant C'ig > 0 such that for 1 <1i < m,
pla, T W D (570 (),1)) < Cro(plalr’) + pry (@) + €pla, T W D)) (3.28)

4. Estimate of p(a77'|Ji(l+1)) for 1 < ¢ < n. It follows from (2.7), (2.10), (2.11) and (2.16),
there exist constants Cyg, Ca1 > 0 such that for 1 <i < n,

pla 7)< o [ plala W) s s + o)
0
<0 ([ plala® W) s, s 4o (3.20)
0
< Cxn (/ p(a,s\aEZ)Wi(lH))ds + a) .
0

Recalling (2.7), (2.14) and (3.19), there exists a constant Cas > 0 such that
pla, sla" WD) < Coz(p(a, slW D) + pla, s W) + a). (3.30)

Therefore, it follows from (3.29) and (3.30) that there exists a constant Ca3 > 0 such that
pla 1) < o [l 0) 4 pla sl Vs (147700 ) (33)
0

Consequently, it follows from (3.26), (3.27), (3.28) and (3.31) that there exists a constant
C4 > 0 such that for 7 in [0, 7],

pla, T|W D)
= (/ [ s W) + pla, slWID)]ds + pry - (er,w”, 1) + e’p(mTﬂW“’)) . (3:32)
0
where
pro. (w0, 1") = p(a|0pw®) + plalr’) + pry(a) + T*a.
Without loss of generality, we assume that Co4 > 1 and
pla, T W) < e (o, 0, 17), (3.33)

since W(©) is uniformly continuous on the domain [0,7*] x [0,1]. We claim that for all I > 0
and for some large positive constant L,

022}% p(a T‘W(l ) b < 3024:57'0’T* (a,wo,r’), (3‘34)
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provided that € is sufficiently small. Due to (3.33), the claim (3.34) holds for [ = 0. Assume
that (3.34) holds for some ! > 0. It follows from (3.32) that for some L > 0,

pla, T|W(l+1))
3C%
L

< 024p.,_0 T* (a ’LU , T ) (1 + ( Lr 1) + 36/0246LT*) + 024/ p(OL, S|W(l+1))d8.
0

By Gronwall’s inequality, we obtain that for some L > 0,

3C%
L

pla, T|W l+1)) < Cospry 7+ (a2, w?,r " (1 + (e Lr —1)+ 3€/CQ4GLT*) el2aT,

which implies that for some L > 0,

p(a’ T|W(l+1))e_LT

3C 3C.
< Cosfpry 7 (,w°,7") (;4602“ 4 e (L=Caa)r (1 L24 + 3€'Coyel™ )) .

It follows that

3C . 3C .
pla, T[WIHD)e™ T < Coypry e (a, w”, 1) ( L248024T 1= L24 + 3¢ Coge" ™ ) ,
provided that
L > 3Cy,. (335)
Taking L large enough such that
3024 024T* 3024 3
ores 1 =22 2
¢ TiTT Sy
namely
L > 6C24(e“T" — 1), (3.36)
and taking ¢ small enough such that
o~ LT
0<e < 3Cor (3.37)

we obtain that (3.34) holds for [ + 1.
Consequently, for all [ > 0 and for some large positive constant L satisfying (3.35) and
(3.36), we have

p(a|W(l)) _ p(a,T*|W(l)) < 3CQ4ELT*,670’T* (a7w0,r’)7

provided that e is small enough such that (3.37) holds. Since d,w® and 7’ are uniformly con-
tinuous on the domain [0, 1] and [0, 7*] respectively, we have that {9,w®}° and {9,w®}52,
are uniformly equicontinuous on the domain [0, 7] x [0,1]. Then by Ascoli theorem, we have
that {w(®}5° process a subsequence that converges in C*([0, T*] x [0,1])™. It is clear that the
limit is a C*-solution to system (3.11).
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Step 4. We next establish the uniqueness. Let w and @ in C'([0,00) x [0,1])"™ be two
solutions to system (3.11). Set v =@ — w in [0, 00) x [0, 1]. Then we have

Ov(t,x) + Az, w(t, x))0yv(t, z) + f(t,xz,v(t,z)) =0, t>0,0<z<1,

v4(t,0) = Q(w—(t,0) +v_(¢,0)) — Q(w_(¢,0)), t >0, 458
vilt, 1) = (1= nmi(8)) | QL T(1) = QL7 () 4 t>0,1<i<m, (338)
v(0,2) =0, 0<z<1,

where

iz, vt x) = [AMx,w(t,z) + v(t,x)) — Az, w(t, x))] 0w (t, x).

NOtiCing ||w||cl([07oo)><[071])n < 6/, H'LZ)”Cl([O,oo)X[O,l])” < El, and (322), it follows from (27), (29)
and (2.13) that there exists a constant Ca5 > 0 such that for ¢t > 0,0 <z <1land 1 <i<m,

|f(t,z,0(t, 2))| < Cos w1 ((0,00) x 0,17y [0(E; @) | < Casé'l|o(t, 2)]],
|Qw—(t,0) +v-(t,0) = Q(w—(t,0)]| < Callo—(t,2)]|
| = me) [ QI+ 1) - QI )] ] < Caslirllon qosens lollooo.ce) <o

< Cos€'|[v]| co((0,00) x[0.17)7

(3.39)

Integrating (3.38) along the characteristics x}’ and using the estimates (3.39), we obtain that
there exists a constant Cag > 0 such that for t > 0 and 0 <z < 1,

[v4-(t, )| < Cas([[v-Ilco(f0,00)x [0,17ym + € [[0]l 0 ((0,00) % [0,11)7 )
lo—(t, 2)[| < Ca6€’[|vllco(o,00) x[0,1])7-
By taking € < 1/(C3; + Cag), it follows that
v =0.

Then the uniqueness follows. The estimate (3.12) follows from (3.23). The proof is complete. [

3.3 Finite-time stability of z-system

Let QT be the right inverse function of @ and w in C*([0, 00) x [0, 1])™ be the solution to system
(3.11). As mentioned in Remark 3.2, there exists a unique solution IT in C*([0, c0) x [0,1])" to
the regulator equations

OdI(t, ) + Az, w(t, x))0,11(t,x) =0, ¢>0,0<x<1,

IT_(t,0) = QT (I (¢,0)), t>0, (3.40)
I, (t,1) = r(t), t>0.

Then we can write z-system (3.8) as

Opz(t,x) + Az, w(t, x))0z2(t, ) =0, t>0,0<z<1,
Zt (ta O) (Z ( aO) (t 0)) - H+(t70)a t> Oa (341)
z—(t,1) = ¢(t) — n(t)IL(¢, 1), t>0,

2(0,z) = w°(z) — (0, z), 0<z<L
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From (3.5), we have that for t > 7y/2,
z_(t,1) = 0.
It follows from the characteristic method that
2 (t,)) =0, t>sM0%(r5/2,1).

Then by the boundary condition I1;(¢,0) = Q(II_(¢,0)) in (3.40) and boundary condition
24 (t,0) = Q(2-(t,0) + T1_(¢,0)) — 1. (¢,0) in (3.41), we have

20 (t,0) =0, > 820" (rg/2,1).
Using the characteristic method again, we have

2p(t,) =0, > ol (soutv(7/2,1),0).

m

Recalling 7, and 7,1 defined in (1.8), it follows from [|w||¢1(jo,00)x[0,1)» < € and (2.13) that
for t > 0,
[son (8, 1) = t = 7| < 70/4,  [sp(8,0) =t = T | < 70/4,

if ¢ < Cay7p for some positive constant Ca7. Then it follows from 79 = T — 7, — Tins1 that

Sov (sout (74 /2,1),0) < T.

m

Therefore, we have

which implies that
ey(t) =24(t,1)=0, t>T.

This concludes the proof of Theorem 1.1.

4 Conclusion

This paper considers the finite-time output regulation problem for quasilinear hyperbolic sys-
tems. Under the assumption that the reference signal becomes a constant after some moment,
we solve the single-boundary output regulation problem with single-boundary control. The
rank condition at the uncontrolled boundary ensures that the control can propagate through
this boundary condition to all state components, thereby achieving output regulation. We em-
ploy a time-varying feedback regulator to achieve this goal. The output regulation problem for
quasilinear hyperbolic systems still presents many open challenges. For instance, [9, 11] state
and prove the exact controllability with a small time under a mild (stronger) condition on Q).
Whether one can achieve the regulation for any time larger than the time given [9, 11] would be
an interesting problem. The extension of the feedback regulator to the non-autonomous case is
an open problem as well. Moreover, it would be worthwhile to explore whether the approaches
developed in [25] can be extended to quasilinear hyperbolic systems. Specifically, one can exam-
ine the feasibility of achieving output regulation for such systems by a nonlinear time-invariant
feedback regulator. Additionally, robust output regulation with respect to system parameters

remains an unresolved issue.
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A Dynamics for ¢ and 7

Here we provide the dynamics for ¢; and n; such that ¢; and n; satisfy (3.5) and (3.6) for
1 < i < m. The dynamics are established by [10]. We restate them here and provide a more
precise estimate with respect to 79. To simplify the notations we drop the subscript ¢ in this
appendix. We write ( = w 4+ ¢ where w and v satisfy the dynamics

By(t)
(w(t)? +(t)*)1/3

aw(t)

SO TOR I

V() = —

(A1)

with
w(0) +¢¥(0) =a, —aw(0)— By(0)=">Y.

Therein, a and 3 are two distinct positive numbers, and Y = (w(0)? + 1(0)?)'/3, a = w?(1)
and b = —X;(1, w?(1))d,w (1) with [[w®||c1(po,1» < d. We now show that under appropriate
choice of o and S, w(0) and 1 (0) can be chosen as continuous functions of a and b. Indeed,
consider the equation P, ;,(Y) = 0, where

Pop(Y) := (a— B)?Y? — 2b°Y? — 2ab(a + B)Y — a*(a® + B?).

We consider P, (YY) = 0 in four cases.
Case 1: a = b = 0. There is a unique solution Y = 0.
Case 2: a =0, b # 0. There is a unique solution ¥ = %

Case 3: a # 0, b =0. There is a unique solution ¥ = (M)I/B.

Case 4: a #0,b#0. Let Y = Z + 3(11232[9)2- We Lave (a=p)
Z3+pZ+q=0, (A.2)
where
4
p= _ﬁ (ab(a+ﬁ)+ 3(535)2> :
6 3
1= (e S e ).
Let

Af+§3ws<§4—ﬁ>6 llﬁ(b)
+8(a + B)(5a* + 56% — 804,6’)% +27(a — B)%(a® + 52)2] .
For z in R, denote
A(z) = 1622 + 8(a + B) (502 + 58% — 8afB)x + 27(a — B)?(a? + 2)2.
We have

A =[8(a+ B)(5a® +56% —8apf))]? —4-16-27(a — B)*(a® + ) = —128(a* — 4aB + %).
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Therefore, A > 0 for all a, b # 0 if a® — 4a8 + 32 > 0. By Cardano’s formula, (A.2) has only

one real root

7 = i + Y,
with

Ur2 = —g + \/E7

if a® — 4a8 + 3% > 0. Noticing that ¢ < 0 for all a, b # 0, we have Z > 0.
Consequently, the equation P, ,(Y") = 0 has a unique positeve solution

_ 2%+ Y+ Vi
- 3(a-p)?

Y
with
12 = 86° + 18ab%(a + B) (@ — B)? + L a2(a® + %) (a — B)* + 37‘/3(@ _BPVA,

2
A =16a20° 4 8% (o + B) (50 + 5% — 8aB) + 27a* (a? + %)% (a — B)?,

if a? —4ap + B2 > 0.

Noticing that (A.3) is compatible with cases 1, 2, and 3, we have that Y is continuous with
respect to a and b.

Then we need to take suitable o and § such that ((t) = 0 for t > 70/2 and ||(|c1(j0,00)) <
Cllw®|| e (joay)»- Without loss of generality, we assume 8 > a > 0. Let kg > 2+ /3 be fixed.
Take B = koo so that a® — 4a8 + 82 > 0. Denote ®(t) = w(t)? + ¥(t)? for t > 0. It follows
from (A.1) that ) ,

R
A direct calculation gives that ®(t) = 0 for t > 3®(0)'/3/(2a) = 3Y/(2«). Therefore, ((t) =
w(t) + (t) = 0 for t > 79/2 if we take a large enough such that

P’ (t) = —2a

F S T0- (A4)

In order to estimate the dependency of a on ||w0|\01([0,1])n and 7y, we need to estimate the
dependency of Y on «, a and b. Using the inequality

1
k m k
1
(Zy1> Szyima vm7k€N+7 y17"'7yk?eR+a
i=1 i=1

we obtain from (A.3) that there exists a constant C, > 0, depending only on kg, such that

b slo| b2
Y <Gy, <|a|§+W+CW+2>. (A.5)
o2 (&% «
Recalling a = w?(1) and b = —\;(1,w%(1))d,w (1) with ||w®|c1(o,))» < 6 and (2.7), we have
that there exists a constant Cs x, > 0, depending only on § and kg, such that

2
Y - [ Nl n

— < Csp P ¢ ((o.1]) 7
(0% «
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with P(y) =y +4*/? + 4 + 3. Combined with (A.4), we have that ¢(t) = w(t) 4 1(t) = 0 for
t>10/2 if

2 12C5 4
a > ||w0Hél([o7l])n maX{TOO,l} . (A.6)

Take « as the right-hand side of (A.6). Now we estimate the Cl-norm of (. Since ®(t)
is monotonically decreasing as ¢ increases, it follows from (A.5) and (A.6) that there exists a
constant C’(’;’ko > 0, depending only on § and kg, such that for all ¢ > 0,

[CH)P < 20(t) <2V < Gy w21 (0,17
' ()]? < 2k30”@(t)"/? < 2k30”Y < Cjp,, (14 70 w3 0.1y

Similarly, one can build the dynamics for . We now have a = 1 and b = 0. We write
n =@ + v where & and ¥ satisfy the dynamics

o — d~(t) 7! — B t)
=G oo T T Gw v
with
@(0) +1(0) =1, —aw(0) — B4(0) = 0.
Take B = ko& with kg > 2 + /3. We have
7 =602 + 507} = ()
Similarly, n(t) = @(t) + ¢¥(t) =0 for t > 70/2 if
3y K21\
a27'0:3<(k001)2> P (A7)

Take & as the right-hand side of (A.7). We have that for all ¢ > 0,

2k2 +2

18k3 (k3 +1) _,
(ko — 1)’

B? <2v3 =
In(t)]* < (ko — 1) To

' (0 < 2k56%Y =

Now we obtain the dynamics for ¢ and n such that ¢ and 7 satisfy (3.5) and (3.6).
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